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Abstract: This paper identifies business cycles in a dynamic economic model with endogenous physical capital, 

pollution, and renewable resources proposed by Zhang (2012). The model describes a dynamic interdependence 

among physical accumulation, environmental dynamics, resource change, and division of labor in competitive 

markets under government’s intervention in environmental protection. The refined economic structure makes it 

possible to study the interactions among economic variables which are not found in the existing literature of 

economics in a single analytical framework with microeconomic foundation. This study generalizes Zhang’s model by 

allowing all the time-dependent parameters to be time-dependent. 

Keywords: business cycles, renewable resource, harvesting, environmental change, capital accumulation 

1. Introduction 

This paper identifies business cycles in a dynamic economic model with endogenous physical capital, pollution, 

and renewable resources proposed by Zhang [1]. This study attempts to provide another contribution to the literature 

by identifying economic fluctuations in an economic growth model by Zhang [1]. The paper is organized as follows. 

Section 2 generalizes Zhang’s model. Section 3 shows how we solve the dynamics and simulates the model. Section 

4 simulates the model to demonstrate business cycles due to some periodic shocks on the economic system. Section 

5 concludes the study. 

2. The Basic Model 

This section is built on Zhang [1] by allowing all the time-dependent parameters to be time-dependent. The 
economy has three sectors and one government (which collects taxes for environmental protection). The three 
sectors are production, environmental and renewable resource sectors. Households own assets of the economy 
and distribute their incomes to consume and save. Production sectors or firms use labor and capital as inputs. 
Exchanges take place in perfectly competitive markets. We assume a homogenous and fixed population, .N  
The labor force is distributed among the three sectors. We select commodity to serve as numeraire. Let  tNi  
and   tKi  stand for respectively labor and physical capital inputs. The production function   tFi  is specified as 

                       ,1,0,,,,  tttttAtNtKttEtAtF iiiii

t

i

t

iiii
ii 

                  (1) 

where  ,tAi   ,ti  and  ti  are positive parameters. Here,   ttEi ,  is a function of the environmental 
quality measured by the level of pollution,  .tE  The marginal conditions are given by 

                     ,/,/ tNtFtttwtKtFttttr iiiiiiiik                                        (2) 

where  tk  is the given depreciation rate of physical capital and  ti  is the fixed tax rate, 
   ,1 tt ii     .10  ti  Let  tX  stand for the stock of the resource. Let  t  stand for the maximum 
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possible size for the resource stock  t0  for “uncongested” or “intrinsic” growth rate of the renewable resource. 
The change rate in the stock is then equal to the natural growth rate minus the harvest rate 

            ./10 tFttXtXttX x                                                         (3) 

Let  tNx  and  tKx  respectively stand for the labor force and capital stocks employed by the resource 
sector. We assume that harvesting of the resource is carried out according to the harvesting production function  

                   ,0,,, tbtAtNtKtXttEtAtF x

t

x

t
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xxx
xx 


                                  

        ,1,0,  tttt xxxx                                                    (4) 

where      ttbtA xx ,, and  tx  are parameters and   ttEx ,  is a function of the environmental quality 
measured by the level of pollution. Let  tp  and  tx  respectively stand for the price of the resource and the fixed 
tax rate on the harvesting. We introduce    ,1 tt xx     .10  tx  The marginal conditions are given 

                         ./,/ tNtFtptttwtKtFtpttttr xxxxxxxxk                        (5) 

We specify the dynamics of the stock of pollutants as follows 

                       ,0 tEttQtCttCttFttFttE exxcxxii                      (6) 

in which    ,, tt xi     ,, tt xc   and  t0  are positive parameters and 
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                        (7) 

where  tNe  and  tKe are respectively the labor force and capital stocks employed by the environmental sector, 
 ,tAe  ,te and  te  are positive parameters, and    )0(,  ttEe  is a function of  .tE   

We denote per capita wealth by  ,tk where     ./ NtKtk   Let k  and w  respectively stand for the tax 
rates on the interest payment and wage income. Per capita current income is given by 

           .twttktrtty wk                                                                     

where    tt kk   1  and    .1 tt ww    The per capita disposable income is given by  

     .ˆ tktyty                                                                                     (8) 

The budget constraint is  

               ,ˆ~11 tytctpttstct xxc                                                  (9) 

where  tc  and  tx
~  are respectively the tax rates on the consumption of the goods and the resource. For 

simplicity of analysis, we specify the utility function as follows 

                    ,0,,,, 000
000  ttttctstcttEtU

t

x

tt

u 
                               (10) 

where  t0  the propensity to consume,  t0  the propensity to own wealth, and  t0  the propensity to 
consume the resource good. Maximizing  tU  in (9) subject to the budget constraint (8) yields 

                   ,ˆ,ˆ,ˆ tyttctptyttstyttc x                                             (11) 

                                ./1,~1/,,1/ 000000 ttttttttttttttt xc     

According to the definition of  ,ts the change in the household’s wealth is given by 

     .tktstk                                                                           (12) 
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The equation simply states that the change in wealth is equal to saving minus dissaving.  

The government’s tax income is  

                                 .tKtrttwtNttCtpttCttFtpttFttY kwxxcxxiie        (13) 

As there are only two input factors in the environmental sector, the government budget is given by 

            .tYtNtwtKttr eeek                                                         (14) 

The government’s optimal problem is given by 

 tQeMax     s.t.:             .tYtNtwtKttr eeek                                             

The optimal solution is given by 

                       ,, tYttNtwtYttKttr eeeeeek                                    (15) 

                 ./,/ 000000 tttttttt eeeeeeee                                      

The demand for and supply of the resource balance at any point of time 

     .tFtNtc xx                                                                           (16) 

Let N  and  tK  stand for respectively the labor supply and total capital stock. The labor force is allocated 
between the three sectors. As full employment of labor and capital is assumed, we have 

       ,tKtKtKtK exi           .tNtNtNtN exi                                     (17) 

We have thus built the dynamic model. We now examine dynamics of the model. 

3. The Dynamics and its Properties  

This section examines dynamics of the model. First, we introduce a new variable by 

        ./ twttrtz k We now show that the dynamics can be expressed by 3  differential equations.  
 

Lemma 

The motion of the system is determined by the 3  differential equations  

                           ,,,,,,,,,,,, ttEtXtztEttEtXtztXttEtXtztz EXz        (18) 

where the functions in (18) are functions of    tXtz ,  and  tE  given in the appendix. Moreover, all the other 

variables can be determined as functions of    tXtz ,  and  tE  at any point of time by the following procedure: 

 tK  by (A16) →  tK i  and  tK x  by (A13) →  tKe  by (A11) →  ,tN i   tN x  and  tNe  by (A1) →  tFx  

by (4) →  tFi  by (1) →  tQe  by (7) →  ,tp   tr  and  tw  by (2) →      tNtKtk /  →  tŷ  by (8) → 

   tctc x,  and  ts  by (11).  

We specify the parameter values as follows  

 ,20.0,5,3,3.0,6.0,7.0,4.0,1,23.0,5 000  ieexxii AAAN    

 7.0,02.0,09.0,6.0,40.0,10.0,10.0,40.0,6.0 000  bcwkxi     

.05.0,04.0,02.0,03.0,03.0,03.0,2.0,2.0,3.0 0  kxcxixei bbb  (19) 

Under (19), we identify the equilibrium values as follows 

 ,22.4,35.0,71.1,31.6,61.2,69.1,45.32  iexi NQFFXEK                 

 ,0.032,0.61,3.34,4.89,24.22,0.18,0.60  rpKKKNN exiex               
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.49.6,94.0,34.0,00.1  sccw X                                                      (20) 

The three eigenvalues are calculated as:  .092.0,188.0,146.4   

With    ,06.00 z    ,5.10 Z and   ,2.40 X  we plot the motion of the economic system in Figure 1.  
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           Fig. 1: Motion of the Economic System 

4. Comparative Dynamic Analysis  

We consider the parameters in (19) as the long-term average values. First, we introduce a variable  tx  to 

stand for the change rate of the variable  tx  due to changes in the parameter value. Figure 2 shows the oscillations 

when the carrying capacity of the resource are specified as    .sin1.03 tt   
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                     Fig. 2: Fluctuations in the carrying capacity of the resource 

 

Figure 3 shows the oscillations when the propensity to save follows:    .sin02.06.00 tt   
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        Fig. 3: Fluctuations in the propensity to save 
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5. Conclusions 

This paper identified business cycles in a dynamic economic model with endogenous physical capital, pollution, 

and renewable resources proposed by Zhang [1].  

6. Appendix 

The appendix shows the lemma. From (2) and (5), and (15), we obtain 
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where we omit time index and ,/~
jjj    .,, exij   Insert (A1) in NNNN exi   in (18) 
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                                                                                    (A2) 

Insert (A1) and (1) in (2) 
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From the definition of eY  we have 

 ,ˆ
0 KrwNyNFpFY kwxxxiie                                                         (A6) 

where we use (11) and .0  xc   Insert (8) in (A6) 

     ,000 wNKrK
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                                      (A7) 

where we also use (2) and (5).  From (A7), eee YNw   and   ,/ wrz k  we have 
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           .,, 00000 NKzKzh wwkkkkk                                              

Substituting ycp x
ˆ  in (11) into (16) yields: .ˆ

xFpyN   Insert (8) in ,ˆ
xFpyN    
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                                                                         (A9) 

where we also use  (2) and (5). From (A9) and   ,/ wrz k  we have 
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where   .1/1 kkk    From (A1), (A8) and (A10), we solve 

 ,hKhKhK xxiie                                                                                     (A11) 
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00000 eekkkkkeewkww hNh    

Substituting (A11) into (A2) and ,KKKK exi   we get  

    ,
~~~

,11 hKhKhhKKhKh xxiixxii                                     (A12) 
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https://doi.org/10.17758/ERPUB.DIRH1216306 102



Solve (A12) 
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iki                                                            (A13) 
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
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
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
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It is straightforward to check that we proved the computational procedure in the lemma. From (2) and (5), we 

have ./ ixxixiix NFNFp   Insert this equation  in ,ˆ
xFpyN   

  ,1



 i

ixx

xii
wk

F

N

N
wNKr                                                      (A14) 

where we also use   .1 wkry wk   From (1) and (A1), we have 

.
~

i

i

z

NA
F iiii

i 

 
                                                                    (A15) 

Insert (A15) in (A14)  

  ,~1
xxx

x
wk

Kzw
wNKr


                                                    (A16) 

where we also use (A1) and (A3). Inserting (A13) in (A16), we solve K  as a function of z  and E  as follows  

   .~1~,,

1

w
zwd

rN
d

tEzK
xxx

xk
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

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
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




















                (A17) 

From (3) and (6), we have  

    ,,,, tEXztX X       ,,,, tEXztE E                                             (A18) 

where we do not give expressions of X  and X  as the expressions are tedious. From (A17) we have 

 .
tE

z
z

K E



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







                                                            (A19) 

Multiplying the two sides of (12) with N  and using ,ŷs   we obtain 

      .,,,,ˆ
N

N
EzEzEXzyNK


                                                       (A20) 

From (A19) and (A20), we conclude the proof 
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
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


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


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N
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
                        (A21) 
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